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Abstract. The paper is dedicated to a missing chapter ofdheuit theory, which is connected
with the special theory of relativity. It is conoed with the direct current regimes in the linear
electric circuits, which are movingith speeds smaller than the speed of light orectosit. In it a
series of basic questions, connected with theiv@tt forms of the fundamental laws for the elec-
tric circuits (Kirchhoff's current law, Kirchhoff'voltage law, Ohm’s law, Joule’s law, the energy
conservation law), are observed. The relativisbierfs of the basic quantities of the electric citsui
(currents, voltages, powers) and the relativisétations of the basic parameters of the circuits (r
sistances, conductances, capacitances, inductaacegresented, too. These formulas are extracted
step by step by the help of Maxwell-Hertz-Einssgistem of basic equations of the electromagnetic
field, which is applied to fast moving objects €hn electric circuits) with arbitrary velocities de
than the speed of light or even close to it. Thal fiesults are illustrated by the help of somepdm
examples about fast moving linear electric circuitbeir analyses are presented step by step in or-
der to show the validity of the received relations.

Keywords: relativistic circuit theory, special theory of aglity, relativistic laws for the electric
circuits, relativistic parameters, relativistic qtities

1 Introduction

The creatiorof the Maxwell’s theoryof the electromagnetic (EM) fieldad an enormous influence
on the development of the modern physics (Maxvig@F3). It was the main basis for the appearance
of the Special Theory of Relativity (STR) of Albeginstein (Einstein, 1905, 1908), (Feynmann,
1964a), (Kittel, 1963), which reformed the moderews on the surrounding world. One of its main
consequences was the relativistic correction oMbagwell-Hertz set of equations of the EM field for
moving media (Feynmann, 1964b), (Purcell, 1965m¢Riy, 1964) and the result was the appearance
of the Maxwell-Hertz-Einstein system of basic edura of the EM field. The creation of the Rotary
Theory (RT) of the EM field brought new correctianghat set of equations by the help of the meth-
od of moments (Panov, 2015, 2017a, 2017b). At émestime Circuit Theory (CT), being a conse-
guence of the Maxwell’'s EM theory and its completaentheory, is not very well exposed in relativ-
istic form, a fact which can be detected very gasilthe technical literature, i.e. it is absent.heT
reason is connected maybe with the fact that thexresome scientists, who claim directly that: ..."The
important consequences... (of STR) ... are relatetiesphere of physics, but not to electrical engi-
neering...”... (Simonyi, 1964, p. 725). But at the sainge there is another group of scientists who
pay attention in their monographs to some elemeintle Relativistic Circuit Theory (RCT) (which
can be called also Special Circuit Theory (SCTgUR 1958), (Meerovich, 1966), (Polivanov, 1982),
(Meerovich, 1987). During the last few years somdittonal researches on that topic were done, but
there are no generalized results towards RCT...

The main goal of that paper is to collect the @éxgsinformation about the basic laws of the electri
circuits in relativistic form (Kirchhoff's curreraw, Kirchhoff's voltage law, Ohm's law, Joule’saa
the energy conservation law), the relativistic ations of the basic quantities of the circuitsr{cu
rents, voltages, powers) and their basic param@iesistances, conductances, capacitances, inductan
es), in order to set the basis for the analysiiretct current (DC) regimes in electric circuitspumted
in fast moving artificial objects (like satellites space ships) with velocities less than the spédght
or close to it. Today the highest velocities redchy artificial cosmic objects are about 15 km/d ah
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that speed the relativistic effects can be alreldgcted... The basic problem in the research isemtnn
ed with the fact that some of the elements of ¥pmoeed circuits are orientated in parallel to thesc-

tion of movement, and some of them are transvedisposed, so the voltages and the currents i thes
moving elements can be accepted by a static obysenze different way compared with an observer,
moving together with these circuits with the sameesl.

2  Analysis
2.1 Basic laws of the fast moving DC linear electric circuits

According to the relativity principle of STR in daiertial coordinate system the basic forms of
the laws of physics must remain the same (Einsi€ifp), (Feynmann, 1964a), (Kittel, 1963). In that
relation let us imagine a moving linear electriccit with a uniform speed, along thex-axis of a

static Cartesian coordinate systé&iFig. 1(a)). And let us imagine a moving Cartesimordinate
systemS’ with the same uniform speed= v, , in which the circuit is in static position ancettirec-

tion of thex’-axis coincides with the-axis of the static coordinate syst&n
The Maxwell's set of equations in differential fofor a static coordinating system S has the fol-

lowing form:
- . oD
rotH = j +— 1
I+ 1)
- 0B
rotE =—-—— 2
P (2)
divD=p 3)
divB=0 (4)

The Maxwell’s set of equations in differential fofor any moving coordinate syste®h(in which
the direction of the’-axis coincides with th&-axis of the static coordinate syst&@nwith a uniform
speedv preserves its form (i.e. it is invariant):

aD

rotH =j +— 5
b (5)
rotE =-98 (6)
ot
divD =p (7)
divB =0 (8)

Here,H and H' are the vectors of the magnetic field intensiti@sand D are the vectors of the
electric flux densitiesE and E are the vectors of the electric field intensitiBsand B are the vec-
tors of the magnetic flux densitiefs', and ] are the current densitiep', and p are the volume den-

sities of the electric charges in both coordingsemsS and S, correspondingly.
In more detailed form the first set of equationssists of 8 partial differential equations:

H
oH, 0 yzjx+an ©)
oy 0z ot

oHy _oH, _. 9Dy

0z oax V a
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aHy_aHX:j +aDZ el
0x oy z ot
oD, N oD, N oD, _ 12]
ox  dy 0z
0E, OEy __0B, (13)
oy 0z ot
0E, _0E, __0B, (14)
0z  0X ot
OBy 0E, __0B, (15)
ox oy ot
0By , 0B, 498 g 61
ox o0y 0z

In more detailed form the second set of equationsists of 8 partial differential equations, too:

oH, OH. . 4D,
z Y =j,+—X 71
oy 0z X ot
oH. oH. , D
X - Z=j.+F (18)
0z X y ot
OH. oH. . oD,
y __ x =j.+—Z {19
0x oy Z ot
oD. dD. oD. |
X+ Y+ Z=p 0}2
0x oy 0z
dE. OE. 0B,
2 - =X (21)
oy 0z ot
dE. 9E. 0B,
X 2z =7 (22)
0z ox ot
OE. 9E. oB.
Yy X =2 (23)
0x oy ot
dB. 0B. 0B,
X +—L+—2=0 42
ox oy 0z

The components of the EM quantities of the EM figldkhe moving coordinate syste8i, ex-

pressed by the components of the same quantitigm igtatic coordinate syste®according to STR,
are as follows (Meerovich, 1966, 1987):

E. =E (25)
e =g, -v8,) (26)
E. =yE,+vB,) 27)
D, =Dx (28)
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(32)
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(39)
(36)

(37)
(38)
(39)

(40)

(41)

is the coefficient of relativity and is the speed of light in vacuum, whéle v< c. Therefore, these

formulas express the Lorentz transformations otthraponents of the EM quantities.
The same results may be presented by the transardséhe longitudinal components of the EM

guantities according to the notations of Einstednth. as follows (Einstein, 1908):

El|| = E||
E,=YE, +vxB,)
Dy =Dy

Hy =H,
HD: HD_VXI:SD)
I§’|| =§||

ﬂ| = V(T|| ‘,0-\7)

in=1n
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. Vo
P=NP~—=-h
c

If we substitute equation (40) into equation (3¥gving in mind thato' =0, we can receive the

j (52)

following result:
oo ) u _k
Jx‘ _y(lx V'p)_Viilx V( 02 jj|_ y (53)
If:
JX‘ - JX'cond (54)
is a conduction current density,
jX = chond. + jXCOI’N (55)
where
2 .
. _ V4]
JXCOI’N - C2 X (56)
is the convection current density, i.e.
Jx = j'xlcond_ = y(jxcond.):h (57)

If we accept the notations of Einstein and LaulmgEgin, 1908) for the transverse and the longitu-
dinal components of the current densities, theeritrdensities from equations (37) — (39) and (53) —

(57) can be notated as follows:
(58)

N o IR _

Jx' - Jx‘cond. = Jigong. = Ju _y(J”cond.)_7
Jy - jy'cond_ = jDcond. = jD = j3/cond. = chond. = JD (59)
J'Z - jlz‘cond - leCO“d- = J;:] = jzcond. = J.Dcond. - jD (60)

And if we take into account the transverse and ltmgitudinal cross-section are&,,q and

Seond (S gy + S gng » Sgeng @Nd S, ) Of the conductors of the circuits in the coordinays-

temsS and S, then we can extract the relations of the flondngrents there:
JII S] . ||| (61)

Neond. — JIIcond. Sjcond. _y'J”cond. Sjcond. -

= h¥VSi g =Ving,y = Vio (62)

IDcond. = JDcond. S”c:ond. = JDcond. yS”cond.
Using the last two equations we can formulate tivehKoff's current law in relativistic form. In

the moving coordinate syste® it will look like:
n
Zi'k =0 (63)
k=1
or
n.
Z'cond.k =0 (64)
k=1
or
n ., n .,
ZIII condy + Z'Dcond.k =0 (65)
k=1 k=1
In the static coordinate systegit will look like:
n
(66)

k=1
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n .
Z'cond.k =0 (67)
k=1
or
n - n .
ZIII condy + ZIDcond.k =0 (68)
k=1 k=1
The relativistic relations among the last six etpret are as foIIOWS'
n. n. icond. N fcond
zlllcond.k +Z|Dcond.k :z +ZIIZI Z : +Z “=0 (69)
k=1 k=1 k=1 k=1 k=1 ¥V k=1 ¥V

The last equation presents Kirchhoff's current lawelativistic form. So, the algebraic sum of the
conduction currents flowing through a node of ackilc circuit in the coordinate systedor in the
coordinate syster’ is always equal to zero. It is not difficult toegent Kirchhoff's current law in
another form, in which the electromotive currentshe current sources (if there are such) are trans
ferred on the right hand side of the equation dhtthhe conduction currents, flowing through branghe
containing no current sources, are presented olefthegand side.

Using a similar procedure we can extract the Kioffié voltage law in relativistic form, too. For

that purpose if we substitute equation (35) intaadipn (27), having in mind thaly. =0, we can

HE )= V{EZ ' V(_ i H - (70)

receive the following result:

c 14
If:
E.=E. 71
z Zcond. ( )
is a component of the electric field intensity aagsonduction currents,
E; = Ezcond * Ezina. (72)
where
VE,
Ezing = =z (73)
is the component of the electric field intensitaused by the unipolar induction, then
Z = Zcond - V( Zcond) (74)

If we apply the notations of Einstein and Laub &&sm, 1908) for the transverse and the longitu-
dinal components of the electric field intensitids®e components of the electric field intensities i
equations (25) — (27) and (70) — (74) can be ndtassfollows:

EX - Excond E”Cf’nd E” Excond. =By cond. Ey (75)
C L o EIZI

EY‘ - Ey'cond. - EDCOf‘d- =Eg= y(EDcond ) y (76)
C L o EI:I

EZ‘ - EZ’cond. - EDCO“d- =En= y(EDcond ) y (77)

And if we take into account the transverse anddhgitudinal lengths of the elements in the cir-
cuits ¢ and? (¢ Cy .y {0,y @Nd 0o ) in the coordinate systen® andS, where the

components of the electric field intensities acbmypthen we can extract the relations of the veltag
drops there:

Ulncond_ = Elncond_ -f'u =Ey £y = Eilcona Vn =B Yl = YUy g = VU (78)
L =E =E /y=yE, 4y=E2to- =40 79
chond. - Dcond a0~ =V Ocond. " H — =yu Ucond. 7 ( )
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Using the last two equations we can formulate tivetoff's voltage law in relativistic form. In
the moving coordinate syste® it will look like:

U, =0 (80)
k=1
or
n
Zu;:ond.k =0 (81)
k=1
or
n n
ZU'” condy + Zu'Dcond.k =0 (82)
k=1 k=1
In the static coordinate systegit will look like:
n
2.u, =0 (83)
k=1
or
n
Zucond.k =0 (84)
k=1
or
n n
ZU” condg + zulﬁlcond.k =0 (85)
k=1 k=1
The relativistic relations among the last six equreg are as follows:
n n n n Ug n Uiicond. n Ucond
u +>u =2u, + k = K+ k =0 86
I<Z::1 ! conde I<Z::1 Heondy |<Z::1 "k =1 VP I<Z::1 4 I<Z::1 y (89)

Here, Uy, OF Ucong, IS @ Voltage drop, which causes flowing of a caridu current, and

Ug = Ugeond. T Uting. (87)
Except thatuy, , is a voltage drop caused by the unipolar inductimcause of the relative move-

ment of the circuit in the coordinate syst@ntowards the static observer in the coordinateesySt.
Equation (86) presents Kirchhoff's voltage law @tativistic form. So, the algebraic sum of the volt
age drops in a contour of an electric circuit ia toordinate syste®or in the coordinate systei is
always equal to zero. It is not difficult to pres&irchhoff’s voltage law in another form, in whi¢he
electromotive forces of the voltage sources (ifehere such) are transferred on the right handdfide
the equation and all the voltage drops across &lssiye elements in the contour are presented on the
left hand side.

The correctness of equations (58) - (62) and (43P} giving the relativistic relations of the cur-
rent densities, the currents, the electric fieledrisities and the voltage drops in both coordisgte
tems can be proved by Joule’s law in point formdasmall longitudinal or transverse element of a
conductor with a current:

i — Ui Cond-"”cond. — (yu”cond. )'(y'lucond.) — yu”cond. '|”cond. —

Pln =

V|'| Vi YV v, .
:}I/ZTF:I =</'—IIT” =y cond. Ei cond. = V-1 cong. Ell cong, = VP
:P_:D - UImcond'.'i;]CO”d' = (yumcond- )(y i Dcond.) _YYocong A Dong, =
Vo Vg 2% A .
) }I/ZNZD :LIZD = 0oy Eogng = J0ogng ¥ Eigng = V-P0
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where p, , p; ., Py and py are the specific powers in small elements of thedactors of the ex-
plored circuit; P, , P, , P; and P, are the powers, caused by the conduction curréftsy,, , Vg

andVy are the volumes of the conductors in the coordisgstemsS and S. The relations among
the powers are presented in (Pauli, 1958).

2.2 Basicrelations of the parametersof fast moving DC linear electric circuits

If we use the Ohm’s law in point form, the reladivc relations among the conductivities of the
conductors in the coordinate syste®®ndS’ can be extracted (Meerovich, 1966):

j”cond. = 'E”cond. =0 'E”cond. = y'j”cond. = Vo 'E”cond. (90)
J'Dcond. =0p 'EDcond. =Jo 'y'EDcond. = chond. =0n 'EDcond. (91)
whereog, , g, , 05 and o are the conductivities of the longitudinal and trensverse conductors

of the explored circuits in the coordinate systensand S. From the last two equations the following
relations occur:

oy =yoy (92)
g,=0 (93)
y
The corresponding relations of the resistivitieshaef conductors are as follows:
- 1 1 PR
PR, =——=——=—L 419
ay Yoy y
' 1 1%
=——=—"—=y. 95
Pry o oy Y-Pr, (95)

Then, using the last two equations, the relationsray the resistances and the coductances of the
conductors of the explored circuits in the coortbreystemsS and S can be extracted:

R, =:0R||"€II =_:!.=pR|| YLy _ Pry al =R, _ 1 (96)
Sy Gy Yo Sy Gy
. Pl Or. ! £
RD:'ORD. D:i':prD 0 _ PRy D:Rmzi (97)
S|| G|:| ySII S|| GD

Another important relations can be extracted fer ¢hpacitancesq), , C, , C5, C5) and the in-
ductances I{;, , L, , Ly, Lp) of the reactive elements of the explored eledtiicuits in the coordi-

nate system$ andS:

q'C‘” :C'” u'”cond. :CI” 'yu”cond. :qCII =C” LI”cond. =inv. (98)
q'CD = C‘D LI'Dcond. = C'D 'ychond. = qCD = CD chond. = inv. (99)
c, :C_; (100)
c =Co (101)
g
4
l.IJL'” = L” 'i”cond. = L” 'y'i”cond. = l'IJLII = L" 'i”cond. =inv. (102)
LP'L.D =Lyip, =Loyin,, =¥, =Loig  =inv. (103)
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L, :"—; (104)
I =to (105)
y

Here,q'C.II e, q'C.D and g, are the electric charges of the capacit(sh‘ﬁ;I W W;_.D and W, _

are the magnetic flux linkages of the coils in toerdinate system§ and S.
The same results can be received if we examinsttited energy of a charged capacitéf{ ,

We, » W, We,, ) and a coil with a current' |, W, , W' |, W) in both coordinate systems.

. dc, Uc C -(U'c )2 Oc, ¥YUc
Wc,,: I no— 1 = pW. =—C n—

2 2 Ci 2
Cy 2 (106)
e U
=y e, Yc, =( 4 j(y c ) =y Gy (UL,, )2
2 2 2
W qICD UICD CID .(U‘CD)2 W _ qCD .yUCD
CD - 2 2 - CI] - 2
(207)
~a u~ P
.qCD UCD ( 4 J(y CD) _y.CIZI (ULD)2
2 2 2
W 2Yudy L b, B Yo iy
I-|| - 2 - 2 - y L|| - 2
L . (108)
W (”].(y.h_“ )2 L ( )2
= y L|| .IL|| — y - y I IL”
S22 2 2
WLD— D2 o — 25 —VWLD‘ D2 o —
L . (109)
Wi [D]'(V"LD Foo i
=y Loy _\ ¥ -y 0\
2 2 2

So, the relativistic relations, which were presdrtg equations (100), (101), (104) and (105) can be
easily extracted from the last four equations. fiativistic relations of the powers in the cooatim

systemsS and S are presented in (Pauli, 1958).

2.3 Numeric examples

Example 1: Given a DC electric circuit in a Cam@stoordinate syster8 which is moving with a
velocity v=26000km/stowards a static Cartesian coordinate sys&ffig. 1). Here, the electro-

motive force of the voltage source in the coordirgtstemS is eD =2V and the resistances of the

resistors areR; =R; =1Q. All quantities and parameters in the coordingiesnsS’ are noted with a

prime (Fig. 1(a)) and these in the coordinate sys$ere not (Fig. 1(b)). Find the quantities and the
parameters in both coordinate systems.
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L%, o R, 0 iof R, Jie

@ «— — (a) —
| I ' I||
y 5 y a0 <—u”
(@) = >
(a) x o (b)

Fig. 1. A moving electric circuit with a uniform speai towards a static Cartesian coordinate sys$em

Solution:

The coefficient of relativity in this case ig:= 2. In the coordinate systei® the following results
are valid:

eD = eDcond. = uéD = uéDcond. = = chond. + u|| cond. =NV+V

(Kirchhoff's voltage law for the loop of the cir¢un Fig. 1(a));

el:|cond. - Y -
R, +R; 1Q+1Q

I” :I”cond. :ID :IDcond. -

(Kirchhoff’s current law for node (a) in Fig. 1(a))

P. =u, i, =NIA=W
Ry cond. cond.
(Power of the horizontal resistor in Fig. 1(a));
P = V1A= W

R‘D = chond 'iDcond
(Power of the vertical resistor in Fig. 1(a)).
The balance of powers is as follows:

Pe'D = @oond 1 Deong. = VA= PR'” * PR'D =WHW=2.
In the coordinate syster8 the following results are valid:

u.
:_Q:bond :ﬁ/ =V

qjcond :Uql:ond y 2

QJcond =V= chond +U|| cond = 0,5/ + 0’5‘/ =V
(Kirchhoff's voltage law for the loop of the cir¢un Fig. 1(b));

1l
O 1A
Oeond — Ycond — 0,5A
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i”cond :iDcond
(Kirchhoff's current law for node (a) in Fig. 1(b))
I:)RII = Uy cond all cond
(Power of the horizontal resistor in Fig. 1(b));
Pry =Un g d0egng = OPV.0PA= 025N
(Power of the vertical resistor in Fig. 1(b)).
The balance of powers is as follows:
R =6 g = VOPA=Ry +Ry =025V+023V= 03N
The resistances of the resistors are:

Ry =R'|| =1Q; RD=R;]:]Q'

= 0pV.05A= 025V

Example 2: Analyze the DC electric circuits presenin Fig. 2, which are similar to these in the
previous Fig. 1, where the only difference is canee with the fact that the voltage source is disgo

horizontally and its electromotive forceds = 2V . The resistances of the resistors Rie= R; = 1Q
and the velocity of the electric circuit towards toordinate syster8 is v=26000km/s

A A

s 7S €y e i,
o —> H—
N N
< ut

| o ] )]
[ %, i'DT R, l iy iuT R, liD

1

(@) «— —- (a) L
Yy y i'” <T” <I_|| <T“
(@) o >—>
(a) x o (b)

Fig. 2. A moving electric circuit with a uniform speag} towards a static Cartesian coordinate system

Solution:
The numeric results in the coordinate syste&3nand S are the same as in the previous example.

The coefficient of relativity in this case ig:= 2. In the coordinate syste® the following results
are valid:
€l = Ccong. TYey TYe, T A =ug gt SV

(Kirchhoff's voltage law for the loop of the cirdun Fig. 2(a));

- eI”cond.' - A -
Ry +Ry; 1Q+1Q

I” =I”cond. =ID =IDcond.

(Kirchhoff's current law for node (a) in Fig. 2(a))

P, =u, i, =NIA=W
Ry cond. cond.
(Power of the horizontal resistor in Fig. 2(a));
PR|D =Up A0y = VIA=W

(Power of the vertical resistor in Fig. 2(a)).
The balance of powers is as follows:

Péu = €l o M eong = 2V 1A= PR.II +PR-D =W+ W=2.

In the coordinate syster8 the following results are valid:
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u.
- — SYicond — -
q|cond_UQIcond == r=2=V

y
W v
llcond ;md =5 =03/
- Ucond N — 05/

qlcond =V =chond +u”cond = 0’5‘/ + 0'5‘/ =V
(Kirchhoff's voltage law for the loop of the cir¢un Fig. 2(b));

1l
O 1A
Oeond — Ycond — — 0,5A

i||cond :iDcond
(Kirchhoff’s current law for node (a) in Fig. 2(b))
PRII =4y cond 'i“ cond = 05V.05A= 023N
(Power of the horizontal resistor in Fig. 2(b));
PRD = uI:]cond 'IDcond
(Power of the vertical resistor in Fig. 2(b)).
The balance of powers is as follows:
PQI :Q|cond'|”cond: N05A: PRI +PR] :025N+ 025N= 05N
The resistances of the resistors are:

Ri =RI|| =1Q; RD=R;]=ZIQ.

= 05V.05A= 025V

3 Conclusions

As a result of the research the basic laws (Kiréfiourrent law, Kirchhoff's voltage law, Ohm's
law and Joule’s law) in relativistic form for fastoving electric circuits working in DC regimes were
extracted. A group of relativistic relations foretlgquantities (conduction currents, voltages, powers
electric charges and magnetic flux linkagesdl the parameters (resistances, conductancesjtaapas,
and inductances) of these circuits are presented,3ome relations about the powers (the balance of
powers as a consequence of the energy consenatwmare shown additionally in the numeric exam-
ples.

Two numeric examples with fast moving linear elieatircuits illustrate most of the extracted rela-
tions, too. All they can be very interesting to #iectrical engineers who need to utilize STR itheor
to be able to determine the quantities and thenpeters of fast moving circuits.

In this way RCT is also with open way out. Heres #xplorations cover a small part of RCT, con-
nected only with the DC regimes in linear electiicuits. The main task is to inspire the curiogify
the researchers about the fast moving electriaziiggicbecause the relativistic effects exist arouad
today. In this way RCT can be very useful for pcddn and explanation of new EM processes, phe-
nomena and effects in fast moving electric circuit...
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